Decomposing a digraph into subdigraphs with a fixed structure or property is a classical problem in graph theory and a useful tool in a number of applications of networks and communication. A digraph is strongly connected if it contains a directed path from each vertex to all others. In this paper we consider multipartite tournaments, and we study the existence of a partition of a multipartite tournament with c partite sets into strongly connected c-tournaments. This is a continuation of the study started in 1999 by Volkmann of the existence of strongly connected subtournaments in multipartite tournaments.
Introduction and definitions
Decomposing a digraph into subdigraphs with a fixed structure or property is a classical problem in graph theory and a useful tool in a number of applications of networks and communication. For instance, finding a decomposition in strongly connected components has been used in compiler analysis, data mining, scientific computing, social networks and other areas. In this paper we consider multipartite tournaments, and we study the existence of a partition of the set of vertices of a multipartite tournament with c partite sets, into strongly connected tournaments of order c. Observe that every partite set of the multipartite tournament has exactly one vertex in each strongly connected tournament of the partition.
We can illustrate our result with the following situation: if all the vertices of any partite set has the same information, and any pair of vertices of different partite sets has different information, then the total information spread among all the vertices of the digraph can be distributed effectively using the partition into strongly connected tournaments since each strongly connected tournament possess one vertex of each partite set.
Let c-be a non-negative integer, a c-partite or multipartite tournament is a digraph obtained from a complete c-partite graph by orienting each edge. In 1999 [3] Volkmann developed the first contributions in the study of the structure of the strongly connected subtournaments in multipartite tournaments. He proved that every almost regular c-partite tournament contains a strongly connected subtournament of order p for each p ∈ {3, 4, . . . , c − 1}. In the same paper he also proved that if each partite set of an almost regular c-partite tournament has at least , then T contains a strongly connected tournament of order c.
Let T be a c-partite tournament of order n with partite sets
. We call T balanced, if all partite sets contain the same number of vertices and we denote by G r,c a balanced c-partite tournament satisfying that |V i | = r for every 1 ≤ i ≤ c. Throughout this paper
As a partition of G r,c in maximal tournaments we will understand a spanning subdigraph of G r,c which is a set of r pairwise vertex-disjoint tournaments of order c.
Our main result gives sufficient conditions in terms of the minimum degree, the number of partite and its order to guarantee that a r-balanced c-partite tournament has a partition in maximal tournaments such that each of its r tournaments is strongly connected. Such a partition will be called a strong partition.
We will follow almost all the definitions and notation of [1] . The maximal independent sets of T are called the partite sets of T . If T is a c-partite tournament, ∆(T ) = max{d j (x) :
If T is a c-partite tournament, the maximum out-degree of T with respect to the parts is
T )} and the minimum out-degree of T with respect to the parts is δ
We will simply write ∆ + V , for example, instead of ∆ + V (T ) whenever it is clear in which c-partite tournament T we are working on.
If G c,r is a balanced c-partite tournament, we define a new measure of irregularity called the irregularity restricted to the parts as µ(G r,c ) = max{∆
Our main result has µ(G r,c ) as a parameter.
In this section we used Lemmas 1 − 4 in order to proof our Main Result. The prove of these lemmas can be found in Section 3.
Lemma 1
The number of partitions of G r,c in maximal tournaments is (r!) c−1 .
Let x ∈ V c and let
Lemma 2 Let G r,c be a balanced c-partite tournament and let x ∈ V c . The number of maximal tournaments of G r,c for which x has out-degree k is equal to
For each x ∈ V (T ) let T + (x) (resp. T − (x) ) be the number of maximal tournaments of G r,c
for which x has out-degree (resp. in-degree) at most 
Lemma 4 Let G r,c be a balanced c-partite tournament, with c ≥ 10, such that δ(G r,c ) ≥
maximal tournaments, P of G r,c let ω(P ) be the number of vertices x ∈ V (G r,c ) such that
and let ω(G r,c ) = . G r,c has a strong partition if
Proof.
(r +µ)+max{δ
) be the number of partitions P of G r,c for which
). If follows that
) and, by an average argument, we can notice that there
Notice that each maximal tournament is a member of
in maximal tournaments (using the same argument as in the proof of Lemma 1). Then,
. Thus, by (1),
, then by Lemma 4
, and since
, by Lemmas 3 and 4, we can see that
Thus, by (2),
and the result follows. . Then, G r,c has a strong partition if 
We will prove by induction that For the inductive step we will prove that p(c) implies p(c + 4). To complete the induction it is enough to prove that, for c ≥ 10, Let G r,c be a balanced c-partite tournament and let V 1 , . . . V c its partite sets. Let V 1 = {x 1 , . . . , x r } and, given a partition of G r,c in maximal tournaments, let τ 1 , τ 2 , . . . τ r be its set of tournaments. W.l.o.g, assume that for every partition of G r,c , the vertex x i of V 1 is a vertex of τ i . Then, every partition corresponds to a permutation of the vertices in each V j (for 2 ≤ j ≤ c) choosing the i-th member of the permutation of V j to be in τ i . Since there are r! permutations of each V j , j ∈ {2, 3, . . . , c}, the result follows.
Proof of Lemma 2
Let x ∈ V (G r,c ). A maximal tournament containing the vertex x with out-degree k can be constructed choosing a vertex for each part V i for 1 ≤ i ≤ c − 1 in the following way.
Given h = (h 1 , h 2 , . . . , h c−1 ) ∈ H k (x), we choose an out neighbor of x from V i if and only if h i = 1. The number of maximal tournaments constructed in this way for a fixed h is
construct such a maximal tournaments and the result follows.
Proof of Lemma 3.
be the function that calculates the number of maximal tournaments for which x has out-degree k.
Then by Lemma 2,
To give an upper bound of T + (x) we need to extend the definition of M (d
+ c−1 (x); k) to the real numbers, as follows:
. . , g s be real numbers such that 0 ≤ g i ≤ r, we define
where H k,s is the set of s-vectors (h 1 , h 2 , . . . , h s ) ∈ {0, 1} s such that if g i = r, h i = 1; if . . . , g s ; k) can be denoted as M (g [s] ; k). In order to prove the Lemma 3, we will prove the following general version:
. . , g c−2 , g c−1 , q be real numbers such that 0 ≤ g i ≤ r. Let p r = |{i ∈ {1, . . . , c − 3} : g i = r}|, p 0 = |{i ∈ {1, . . . , c − 3} : g i = 0}| and t = c − 3 − p r − p 0 and
Assume that g 1 , g 2 , . . . , g c−1 are ordered in the following way:
-for every i ∈ [t], 0 < g i < r,
and the claim follows.
Claim 2 For every
; and for
Observe that for every k ≥ 0,
Therefore, for every q ≥ p r + 1,
Notice that for every pair x, y ∈ R, such that 0 ≤ x, y ≤ r,
Since g c−2 + g c−1 = g c−2 + g c−1 , we have that 
q−1 and recall that for every t + 1 ≤ j ≤ t + p r , g j = r; and for every t + p r + 1 ≤ j ≤ t + p r + p 0 = p, g j = 0. Therefore, for every t + 1 ≤ j ≤ t + p r , h j = 1 and for every t + p r + 1 ≤ j ≤ c − 3, h j = 0. By definition, 
Therefore, by 6 and 7,
By the hypothesis, t j=q−pr
and the Claim 2.1 follows.
Observe that for every h' ∈ H c−3 q there are exactly q − p r elements h ∈ H c−3
On the other hand, by Claim 2.1,
which is equivalent to (5). Therefore Claim 2 follows.
By Claim 1 and Claim 2 we can conclude that
We can iterate this process and find g 1 , . . . , g c−1 such that
= α, and for and from here the claim follows.
By the Claim, it only remains to prove that , which we think its not a realistic approximation, and thus one may find a better way to estimate Ω(r, c).
